Abstract. In this note we show that in a certain subfamily of the Kuranishi family of any half Inoue surface the algebraic dimensions of the fibers jump downwards at special points of the parameter space showing that the upper semi-continuity of algebraic dimensions in any sense does not hold in general for families of compact non-Kähler manifolds. In the Kähler case, the upper semi-continuity always holds true in a certain weak sense.
Statement of results
In this note we shall show the following theorem which gives examples of holomorphic families of compact complex surfaces whose algebraic dimensions jump downwards under specializations. We refer to Proposition 1.3 below for more precise structure of the surface S t for t / ∈ A. Recall that the algebraic dimension of a compact connected complex surface is the transcendence degree of its meromorphic function field. It takes one of the values 0, 1 and 2. Any half Inoue surface has algebraic dimension zero, while any elliptic diagonal Hopf surface is of algebraic dimension one. This is the property of our main interest in this note:
Corollary 1.2. Let a t := a(S t ) be the algebraic dimension of S t . Then a t = 0 for t ∈ A and = 1 for t ∈ A. Thus the algebraic dimension jumps downwards at special points; in particular it is not upper semicontinuous in the parameter t.
After some preliminaries in Section 2, we prove Theorem 1.1 in Section 3 together with the following supplement to it, which reveals special features of our examples.
Proposition 1.3. Let the notations be as in Theorem 1.1. Then for any t / ∈ A, S t is the blowing-up of an elliptic diagonal Hopf surfaceS t . The elliptic fibration ofS t is smooth except for two multiple fibers with multiplicity two, and the imageC t of C t inS t is one of its smooth fibers. Moreover, S t is obtained fromS t by blowning up m points onC t .
Example. When m = 1, the half Inoue surface S is unique up to isomorphisms. It contains a unique curve C, which is a rational curve with a single node. We get the Kuranishi family of deformations {(S t , C t )} t∈D of (S, C) parametrized by a one dimensional disc D = {|t| < ε}, ε > 0. For any t = 0, S t is the blowing-up at one point p t of an elliptic diagonal Hopf surfaceS t over the complex projective line P . LetC t be the fiber ofh t :S t → P containing p t . Thenh t is smooth except for two multiple fibers with multiplicity two and C t is the proper transform ofC t in S t . In particular a t = 1 for t = 0 and a 0 = 0 (cf. Proposition 1.3 below).
Remark 1.1. For each integer n > 1 by taking the product of n copies S n t of each fiber of f in Theorem 1.1 or by considering the Douady space (Hilbert scheme) S
[n] t of 0-dimensional analytic subspaces of S t of length n we get a family of 2n-dimensional compact complex manifolds X t with the same parameter space T such that a(X t ) = 0 for t ∈ A, but a(X t ) = n for t / ∈ A.
In the above results the surfaces S t are all non-Kähler surfaces. In fact the phenomena as above never occur in a family of compact Kähler manifolds. In Section 4, for the purpose of comparison, we give a general property of the variation of algebraic dimensions of the fibers in a family of compact Kähler manifolds.
Preliminaries
A cycle of rational curves on a smooth surface is a compact connected curve C which is either an irreducible rational curve with a single node or is a reducible curve with k nodes whose irreducible components are nonsingular rational curves
such that C i and C i+1 intersects at a single point and there exists no other intersections, where C k+1 = C 1 by convention. Inoue [7] [8] constructed the first examples of surfaces of class VII + 0 . These surfaces are called hyperbolic, parabolic and half Inoue surfaces according to Nakamura [12] . By [12, (8.1) ] a surface S of class VII + 0 is a hyperbolic (resp. parabolic) Inoue surface if and only if S contains two cycles of rational curves C 1 and C 2 (resp. a cycle of rational curves C 0 and a smooth elliptic curve E). Similarly, S is a half Inoue surface if and only if S contains a cycle C of rational curves and there exists an unramified double covering u :S → S such that u −1 (C) is a disjoint union of two cycles of rational curvesC 1 andC 2 which are mapped isomorphically onto C (cf. [12, (1.6)(9.2.4)]).S is then a hyperbolic Inoue surface. All these Inoue surfaces have infinite cyclic fundamental group. By [8] the algebraic dimension of these surfaces equals zero.
In the hyperbolic (resp. parabolic) case denote by C the union of C 1 and C 2 (resp. C 0 and E). Then for any Inoue surface there exists no irreducible curves other than the irreducible components of C. Moreover, in the hyperbolic or parabolic Inoue case C is the unique anti-canonical curve on S, i.e., C is the unique member of the anti-canonical system | − K S |. Similalry, in the half Inoue case C is the unique L-twisted anti-canonical curve in the sense that C is the unique member of the L-twisted anti-canonical system
A diagonal Hopf surface is a Hopf surface S = S(α, β) obtained as the quotient of C 2 −0
by an infinite cyclic group generated by the diagonal transformation (z, w) → (αz, βw)
for complex numbers α, β with 0 < |α|, |β| < 1. The images of z-and w-axes give two canonical elliptic curves E 1 and E 2 on S and we have
S admits a non-constant meromorphic function, it admits a unique structure of an elliptic surface h : S → P over the projective line P and any irreducible curve on S is smooth and is a fiber of h up to multiplicity (cf. [10] ). Recall also that S has the vanishing second
Betti number.
We also quote two lemmas [5, Lemmas 3.2, 3.3] for later purpose for the convenience of the reader. The first one is originally due to Nakamura and the second one easily follows from the first one. Remark 2.1. It is known that the fundamental group of a known surface S ∈ VII 0 is always infinite cyclic unless S is a Hopf surface; in the latter case however S is always finetely covered by a primary Hopf surface, that is one with π 1 (S) = Z.
Proof of main results
We consider the Kuranishi family g :
mations of the pair (S, C) as in Theorem 1.1. This was studied in our previous paper [5] , to which we refer for the details. Indeed, except the assertion that S t , t / ∈ A, has the structure of an elliptic surfaces with special structures, all statements in the theorem are given in Proposition 3.14 of [5] On the other hand, since C = −(K S + L) by our assumption, we haveC = −KS.C is thus an anti-canonical curve onS, and hence by Lemma 2.2 the imageĈ ofC inŜ underṽ :S →Ŝ is again a disconnected anti-canonical curve onŜ andṽ is obtained by On the other hand, since the arithmetic genus χ(OŜ ) ofŜ vanishes, from the canonical bundle formula for elliptic surfaces [9, Th.12], we deduce easily
where O(l) is the line bundle of degree l on P , and Next we show that b = 1. In fact, suppose that b = 1 so that −K =ĥ * O(1) + F 1 . Then neither ofĈ α is a multiple fiber since the multiple fiber is fixed byι whileι(Ĉ 1 ) =Ĉ 2 .
ThusĈ α =ĥ * O(1) and hence −K =Ĉ 1 +Ĉ 2 =ĥ * O(2), which is a contradiction to (1) since b = 1. Thus b = 0 andĥ is a principal elliptic bundle.
Nowῑ induces a non-trivial involution on P makingĥ equivariant, and we have the induced morphismh :S ∼ =Ŝ/ ι → P / ι ∼ = P giving the elliptic fibering structure onS.
Thush has exactly two multiple fibers of multiplicity two over the two fixed points ofῑ on P and is otherwise smooth.
Finally, each of the inverse images inŜ of the two multiple fibers ofh isι-invariant, while we haveι(Ĉ 1 ) =Ĉ 2 . ThusC is a smooth fiber ofh. The last assertion immediately follows from the corresponding assertion forṽ andĈ proved above.
Proof of Theorem 1.1 and Proposition 1.3. That T is smooth of dimension m was
shown in Proposition 3.12 of [5] . The hypersufaces A i , 1 ≤ i ≤ m, of the theorem are
.12 ] defined for each node p of C. In fact C is a cycle of rational curves with m irreducible components. So it admits precisely m nodes. T (p) is the locus of the point t ∈ T such that the node p remains to be a node in C t . (That is, along T (p) the deformation of the isolated singularity germ (C, p) is trivial.) Thus C t is still a cycle of rational curves if t ∈ A and is a nonsingular elliptic curve if t / ∈ A. Now we take the unique unramified double covering u :S → S over S and letC := u −1 (C).C has two connected components each of which is mapped isomorphically onto C.
We can extend this covering to a relative double covering of the family so that for each t we have the unramified double covering u t :S t → S t . Then similarlyC t := u −1 t (C t ) has two connected components, each mapped isomorphically onto C t . Moreover, by Proposition 3.13 of [5] C t is the anti-canonical curve onS t . Let L t be the unique non-trivial holomorphic
C t is then an L t -twsited anti-canonical curve on S t . Indeed, u * t (K t + C t ) =K t +C t = 0 onS t . Thus we get K t + C t = L t or 0. But since L o = L, by continuity the former holds true for any t as desired. Then by Lemma 3.1 the minimal modelS t of S t is either a half Inoue surface or a diagonal elliptic Hopf surface. By the above description of the curve C t these two cases occur precisely when t ∈ A and t / ∈ A respectively. Together with Lemma 2) Some holomorphic line bundles defined on g −1 (T − A) do not extend to the total space S of the Kuranishi family of Theorem 1.1. Let us discuss this phenomenon in the simplest case m = 1 (cf. Example in Section 1). In this case for t = o, S t has a canonical structure of an elliptic surface f t : S t → P . We consider the line bundle H t := f * t O(1) on S t . C t is an irreducible component of a fiber, say F b , of f t over the point b = b t ∈ P ; in fact F b = C t + E t for a unique (−1)-curve E t on S t . Obviouly, K t , L t and C t , t = o, extend
Since a(S) = 0, we must have h 0 (F o ) ≤ 1, which is a contradiction. The result for [E] t then follows from the relation F b = C t + E t . Or similarly to the above, the extension implies
would give a curve other than C on S, which is a contradiction.
It seems intersting to study the behaviour of E t and [E] t when t tends to o.
Kähler case
The phenomenon as in Theorem 1.1 never occurs in the Kähler category. We shall give in this section a proof of this fact known certainly to experts for the convenience of the reader. Namely we prove:
a smooth holomorphic family of compact connected
Kähler manifolds parametrized by a connected complex manifold T . Suppose that T is simply connected or dim T = 1. For any nonnegative integer k let T k be the subset of T consisting of points t ∈ T such that the fiber
is the union of at most a countable number of analytic subsets of T .
In general the sets T k , k > 0, are not closed so that algebraic dimension is not upper Now for the proof of Proposition 4.1 we first note that for any compact connected complex manifold X the algebraic dimension a(X) is described as
where κ(L) is the Iitaka (or L-) dimension of the line bundle L and P icX is the Picard variety of X (cf. [13] ). Next, we recall the following result of Lieberman and Sernesi [11] . By applying the above lemma to each of the subvarieties of which S k 0 (L) is a union, we get that S k 0 +1 (L) again is the union of at most a countable number of proper analytic subvarieties of S. Proceeding in the same way, we obtain the following:
is the union of at most countably many analytic subvarieties of S.
Proof of Proposition 4.1. Let f : X → T be as in the proposition. Suppose first that T is simply connected. Then the local system R 2 f * Z is trivial and is identified with the trivial system T × Γ → T , where Γ := H 2 (X o , Z) for some fixed reference point o ∈ T .
Any element γ of Γ thus defines a (constant) section s(γ) of R 2 f * Z. We consider the long exact sequence
obtained by applying Rf * to the exponential sequence on X coincides with the set of points t ∈ T such that the restriction s(γ) t ∈ H 2 (X t , Z) is of type (1, 1) on X t , or equivalently, s(γ) t is the first chern class of a holomorphic line bundle on X t .
Let p : P = P icX/T → T be the relative Picard variety associated to the morphism f (cf. the remarks at the end of [6, §3] and [2] ). Let p γ : P γ → T be the component of P parametrizing line bundles with chern class γ. Then the image of p γ is precisely the set T γ , and p γ is proper, smooth and with connected fibers over T γ again by the Kähler condition. (Here we consider T γ as a reduced complex space.) Take the fibered product g γ : X γ := X × T P γ → P γ with respect to p γ . First assume that f admits a holomorphic section. Then such a section gives rise to the tautological line bundle L γ on X γ such that (L γ ) y , y ∈ P γ , is precisely the holomorphic line bundle on X γ,y ∼ = X pγ(y) corresponding to y (cf. [6] ).
Then by Corollary 4.3 applied to (g γ , L γ ), for any k ≥ 0 the set S k (L γ ) is the union of at most countably many analytic subvarieties of P γ . Then since p γ is proper, by Remmert
) also is the union of at most countably many analytic subvarieties of T , and hence so is the union
On the other hand, by (3) we have a(X s ) ≥ k if and only if s ∈ A k . Namely, A k = T k and the proposition is proved in this case.
When f does not admit a holomorphic section, we consider the pull-back f X of f to X via f : X → T , namely f X is the projection f X : X × T X → X to the second factor.
Since f X admits a canonical holomorphic section, we can apply what we have proved above to f X and get that X k := {x ∈ X; a(X x ) ≥ k} is at most a countable union of analytic subvarieties of X for all k. In view of the relation f −1 (T k ) = X k coming from the definitions of T k and X k , we deduce the same conclusion for T k . Thus the proposition is proved when T is simply connected.
In the general case, we consider the pull-back fT : X × TT →T of f to the universal coveringT of T . By what we have proved above,T k is at most a countable union of analytic subvarieties ofT and T k coincides with the image ofT k . Now if dim T = 1,T k consists of at most countably many points and hence so does T k . Thus the proposition is true also in this case.
Remark 4.1. 1) If T is not simply connected and dim T > 1, the above argument fails since the image in T of an analytic subvariety ofT is not in general analytic. We do not know if the proposition still holds for a general T .
2) The above arguments cannot be applied to the families in Theorem 1.1 since for them the components P γ of Pic X/T are not proper over the base T . Indeed, we have
